THE STRING TOPOLOGY OF (2n - l)-CONNECTED 
4n-MANIFOLDS 



PIOTR BEBEN AND NORA SEELIGER 

j^jfjj Abstract. Motivated by the current interest in four-manifolds, our goal in 

_ this paper is to compute the string topology of (2n-l)-connected 4n-manifolds 

using spectral sequences and basic homotopy theory. We give a general lemma 
for computing differentials in the homology Scrrc spectral sequence for a fibra- 
tion where the fiber is an H-space. This has the fortune of giving a complete 
description of the integral free loop space homology when n > 1, while partial 
results are obtained for the action of the Batalin-Vilkovisky operator and the 
Chas-Sullivan loop product. 



1. Introduction 

Let M be a closed, oriented d-dimensional manifold. Let the free loop space 
CM be the space of unbased loops in M. Chas and Sullivan constructed in [5J 
a product on the homology H*(£M) of degree -d. They then investigated other 
structures that this product induces, including a Batalin -Vilkovisky structure, and 
a Lie algebra structure on the S 1 equi variant homology Hf (CM). These algebraic 
structures, and others, are understood to be the string topology of M . Cohen, Klein 
and Sullivan in QT] and Malm in [24] then proved that string topology in this sense 
is invariant under orientation preserving homotopy equivalences. 

We are therefore interested in the classification of manifolds up to homotopy. 
This was achieved for (2n - l)-connected 4n-manifolds and n > 1 by Wall in |43j . 
Milnor [29] classified simply connected smooth four-manifolds up to homotopy 
equivalence by their intersection form, and in turn Freedman |17j extended this 
result to the topological case. From the point of view of string topology, (2n - 
l)-connected 4n-manifolds are a very natural object of study. They are among 
the simplest topological manifolds after spheres, while at the same time string topol- 
ogy has only been computed in some special cases. Namely it has been computed 
with integral coefficients for globally symmetric spaces of rank 1, which are spheres, 
projective spaces, hamiltonian projective spaces and the Cayley projective plane, 
with different techniques by Ziller [35], Smith [35J Fadell and Husseini [15] . 
Cohen, Jones and Yan [DJ, Westerland [H], Menichi [2S], Hepworth [2D], and the 
second author in [32J [33J [3T] . The string topology for the complex Stiefel manifolds 
has been computed by Tamanoi in [35], for the compact Lie groups by Hepworth 
in [21] , and for surfaces with genus g > 1 by Vaintrob in [41] , the former ones with 
rational coefficients. The free loop space of a complex projective space is discussed 
as well in [T3] and [T2J as we mention in [33J , as well as by Menichi in [2DJ . Moreover 
he computed in [25J the cohomology of the free loop space for a suspended space 
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and a finite CW -space of dimension p such that (p-l)l is invertible in the ring of 
coefficients. 

In the context of the closed geodesic problem Sullivan and Vigue [55] computed 
the homology of the free loop space rationally via the theory of minimal mod- 
els. In [3 9) Terzic classified the rational homotopy type of simply connected four- 
manifolds via the same technology. Note that not all intersection forms can be 
realized as smooth manifolds (see |17j for a counterexample). If the manifold is 
symplectic then the homology of the free loop space is isomorphic to the symplectic 
homology of the cotangent bundle pQ. In this paper we intend to compute the 
string topology of (2n - 1) -connected 4n-manifolds including the Chas-Sullivan 
loop product and parts of the BV-operator. 

2. Main Results 

Our results hold for closed oriented (2n- 1) -connected 4n- manifolds, assuming 
the 2n-th Bctti number is at least 2. The remaining highly connected 4n-manifolds 
are spheres, or manifolds which are like complex projective spaces, hamiltonian 
projective spaces, and the Cayley projective plane. 

Fix M to be a (2n-l)-connected, closed, oriented 4n-manifold with rank H 2n (M) 
at least 2. Poincare duality tells us that its homology is a free graded Z-module 

H*(M)=Z{l,a 1: ...,a t ,z}, 

where |<Zj| = 2n, \z\ = An, and t > 2. Recall that we have integers cy defined by 
a* ua* = CijZ* e H 4n (M), where the asterix superscript designates the cohomology 
duals. Notice Cij = Cji by anticommutativity of the cup product. 
Take the free graded Z-module 

V = Z{«i,... ,u t }, 

with = 2n— 1, and let 

i>l 

be the tensor algebra generated by V. 

Let I be the two-sided ideal of the tensor algebra T( V) generated by the degree 
An - 2 element 

i<j i 

where [x,y] = xy - {-l)^ x ^yx is the graded Lie bracket in T(V), and take the 
quotient algebra 

A= m. 
i 

Take the free graded Z-modules J = Z{ai, . . . ,a t } and K = Z{z}, and consider 
the degree -1 maps of graded Z-modules cb-J®A — ► A and d':K ® A — ► J ® A 
given for any y e A by 

d(a,i®y) = [ui,y] 

d'(z®y) X ''< •(".; ® Ki^])- 

Applying the Jacobi identity to the summands (kj(aj ® [v,i, y]) in dod'(y) for i < j, 
and noting that |ttj| is odd, that Cjj = Cji, [ui, [Ui,y]] = [uf,y], and that products 
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with x are identified with zero in A, we see that Im d! £ ker d. We therefore obtain 
a chain complex 

0^K®A^J®A^A^0. 

Take the homology of this chain complex. That is, take the following graded 
Z- modules: 

a A 



Im d 
kerc? 



Im d' 
Z = kerd'. 

One can think of W by first taking the Z-submodule W of ST 1 J ® T(V) = T(V) 
generated by elements that are invariant modulo / under graded cyclic permutations 
(that is, invariant after projecting to A). Then W is the projection of EW' onto 
(J ® A)/lm d' . We see that the homology of this chain complex is the integral free 
loop space homology of M for n > 2: 

Theorem 2.1. If n > 2, there exists an isomorphism of graded 1-modules 

H*(£M) = Q®W®Z. 
When n = 1 we have a rational isomorphism 

H*(CM) ®Qs(W®Q)e {Some other graded Q - module). 

□ 

Let W be the Z-submodule of W £ T(V) generated by elements invariant under 
graded cyclic permutations (see Section [5]), and let W £ W be the image of the 
projection of T,W onto W. The action of the Batalin- Vilkovisky (BV) operator and 
the Chas-Sullivan loop product are partially described as follows: 

Theorem 2.2. Fix n > 2. With respect to the isomorphisms in Theorem \2.1[ the 
action of the BV operator A: H*(£M) — ► _ff* + i(£M) satisfies 

A(Q) S W, 

A(W) = {0}, 

and when n > 3 

A(Z) = {0}. 

When n = 1, there is a choice of rational isomorphism satisfying 

A(ai®uj k ) = 

for di <S> u| e VV <S> Q wtt respect to this isomorphism. □ 



Theorem 2.3. W^it/i respect to the isomorphism in Theorem \2.1\ when n > 2, £/ie 
Chas-Sullivan loop product Hi(CM) <S> Hj(CM) — > Hi + j^ n {CM) restricts to the 
following pairings: Q® Q — > {0}, Q®W — >■ {0}, Q® Z — > Q, W ®W — > Q, 
the first two being trivial, and the last two induced by the pairings given for a,i e J , 
z e K , and x, y e A by 

x ® (z ® y) h» xy, 
(a, ® x) ® (aj ® y) i-* Cyxy, 
respectively. □ 
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Theorem [273] is an application of the Cohen- Jones- Yan spectral sequence done in 
the last section. Notice the restriction of the Chas-Sullivan loop product to W <8> Z 
and Z <8> Z remains to be determined in Theorem 12.31 Extension related issues 
prevent us from answering this, but one might suspect pairings W <8> Z — ► W and 
Z®Z — ► Z induced by pairings (ai<S>a;)<S>(z®y) >-»■ (ai®xy) and (z®x)<S>(z<S>y) 
(z®xy). Theorems 12. 1[ and 12.21 are consequences of Theorems 18.11 and 18.21 The 
proofs of these use only Serre spectral sequences and basic homotopy theory, depend 
only on the cohomology ring and CW-structure of the manifold M, and therefore 
apply more generally to certain CW-complexes. 

An outline of the paper is as follows. In the next section we will give a general 
lemma that describes differentials in the homology spectral sequence of a fibra- 
tion whose fiber is an iJ-space, which we then apply to the free loop fibration in 
Section |4] We then give a spectral sequence calculation for the free loop space 
homology of certain torsion-free suspensions, together with information on the ac- 
tion of the BV operator with respect to these isomorphisms. Section [7] computes 
the loop space homology of certain CW-complexes (which happen to include our 
manifolds M), leading to the free loop space homology computations in Section [8] 
We exploit naturality properties of spectral sequences to determine the image of 
H^(CM) — ► H±(£M), where M is the {An- l)-skeleton of M, enabling us to carry 
the BV operator calculations for torsion-free suspensions onto those for manifolds. 
Finally, having determined the necessary differentials, we look at the Chas-Sullivan 
loop product in Section[9l 

As a convention we will think of points in the circle S 1 as points in the unit 
interval [0, 1], with identified with 1. We may think of any real number t being in 
S 1 by taking it modulo 1. So if to: S 1 — ► Y is any map, by taking the point u>(t) e Y, 
we mean the point tu(t mod 1). The unit in H*(S 1 ) = Z will be denoted by t. The 
space of paths 7: [0, 1] — ► Y will be denoted map([0, 1],Y), and the subspace of 
based paths, that is paths 7 satisfying 7(0) = b for some fixed basepoint b e Y, is 
denoted by VY . 

3. FlBRATIONS THAT ARE NOT PRINCIPAL 

i f 

Let F — ► X — ► B be a fibration sequence with B simply-connected, and 

£ = {£ r ,S r } 

be the homology Serre spectral sequence for fibration /. The fibration / is said to 
be principal if F is a homotopy associative iJ-space, and if there is a left action 
F x X — ► X such that the following diagram commutes up to homotopy: 

mult. 

F — ^ X, 

with mult, being the -ff-space multiplication on F. A result of Moore [30] tells us 
that £ inherits the the structure of a left -H*(F)-module, meaning there is a left 
action 

reducing to the H-sp&ce- induced multiplication on = H*{F), with the differen- 
tials d r respecting this action. This often reduces the task of computing differentials 
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in the spectral sequence to that of computing the differentials emanating from the 
degree horizontal line. 

While any given generic fib-ration / may not be principal, as it happens the 
induced homotopy hbration sequence 

riB F -U X 

is always principal; the left action 

9: Q.B x F — > F 

here constructed using the up-to- homotopy homotopy lifting property of i, and the 
homotopy associative iJ-space structure on flB defined via loop composition. Thus 
on account of this well-known fact there is reasonable hope for the existence of some 
form of extra structure on £ (indeed, this might be expected, for Stasheff 37 shows 
how to reconstruct a fibration such as / using its induced action 9 as a testament 
to the amount of information contained within it). 

With this in mind, McCleary used a result of Brown [3] and Shih [M] m [35] to 
compute the free loop space homology of certain low rank Stiefel manifolds. The 
following proposition is meant to strengthen Shih's result under the condition that 
F is a homotopy associative iJ-space, the gain here being that one can to do away 
with an assumption on elements being trangressive. We let E = {E r ,d r } denote the 
homology Serre spectral sequence for the path fibration sequence ilB — ► VB — + B. 

Proposition 3.1. Suppose H*(B), H^iTtB) are torsion free, and F is a homotopy 
associative H-space. Given z e H±(B), suppose d s (z <8> f ) = e El „ for 2 < s < r, 
and 

d r {z®\) = Y l x l »v l . 

i 

Also, suppose z®ye£l t survives to £'l Jt . 

Then for every y e H*(F) and 2 < s < r, we have 5 s (z <S> y) = e £1 1 and 

8 r {z®y) = Y,x t ®9 ic {v i ®y). 

i 

Here we use <S> to indicate tensors in H*(ttB x F) = H*({IB) <S> H*(F). 

Proof. First recall the following well-known property (which is essentially the ho- 
motopy lifting property in disguise). Let P ev °-f c map([0, 1], B) xl be the 

pullback of X —*■ B and the evaluation map map([0, 1], B) —> B given by 
evo(oj) = ui(0). Now consider the map /: map([0, 1], X) — > p e »o,f defined by 
/(w) = (/ ° u;,u;(0)). Then a surjection / is a fibration if and only if there exists a 
map g -.P ev oJ — >map([0,l],X) such that fog= t;P™oJ — > p™o,f 

Take the inclusion cf>:VB x F — * p ev o,f given by <f>(w,a) = (w,a), and take the 
the composite 

9: (VB x F) p ev °'f map([0, i],X) — * X. 
Let the fibration sequence 
(f ) Q.B x F — ► VB x F e -^* B x * 

be the product of the path fibration sequence flB — *■ VB — * B and the trivial 

i * 

fibration sequence F — ► F — > *. The path fibration is a principal fibration as is 
the trivial fibration, and HB x F is a homotopy associative H-space, since F and 
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VLB are. Then the product fibration ([T]) is also a principal fibration sequence, as is 
apparent from the following commutative diagram 

(VLB x F) x (VLB x F) (1X1)X(CX1) > {VLB x F) x (VB x F) 



IxTxl 



IxTxl 



(VLB x VLB) x(FxF) (1XC)X(1X1 > (VLB x VB) x (F x F) 



mult.xmult. 

VLB x F • 



ipQxmult. 

VBxF. 



The maps 1 xTx 1 transpose the second and third factors, and the bottom square is 
the product of the squares which commute by the fact that the trivial fibration and 
path space fibration are principal fibrations. The left vertical composite defines the 

multiplication for the H-space VLB x F, with VLB x VLB n H!tX' VLB and F x F p 
our given TJ-space multiplications. The right vertical composite defines the action 

ijj of VLB x F on VB x F, where VLB x VB VB is the action associated with the 
principal path space fibration of B given by iPq{lu^) = uj ■ 7 (that is, composing a 
loop with a based path at the basepoint). 

Consider the commutative diagram of fibration sequences 



VLB 



VB 



B 



(2) 



lx* 



VLB x F 



cxl 



lx* 



VBxF- 



Bx*. 



We let E = {E r ,d r } be the homology Serre spectral sequence for the fibration 
sequence dJ), and 

r-E —> e 

the morphism of spectral sequences induced by diagram ©. One can also easily 
check that the following diagram of fibration sequences commutes: 



VLB x F VBxF ^-t Bx* 



(3) 



F 



X 



f 



B, 



with the action 9 constructed as the restriction of 9 to the subspace VLB x F, which 
is the reason for the left-most commutative square. We let 



C-.E 



£ 



be the morphism of spectral sequences induced by diagram ([3]). 

The element z ® e -E* * survives to El ^ as follows. Inductively, assume 

that it has survived to El t for some 2 < s < r. Since our assumption is that 
z ® y € £ % * survives to z ® y is not in the image of any differential 5 s for 

2 < s < r. Since z ® j/ = C, s {z ® (l®y)), by naturality z <g> {l®y) is also not in the 
image of any differential d s . Now using the fact that the bottom fibration sequence 
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in diagram ([2]) is principal, and that d s (z ® 1) = e El t for 2 < s < r, in El t we 
have 

d s (z ® (l®y)) = (1 ® (l®y))(f (z ® (1®1)) 
= (1® (l(2)y))d s (7 s (z(g)l)) 
= (1® (l(2)y))7 s (d s (z(g)l)) = 0, 

which implies z ® (l®y) survives to El + jr. This completes the induction. 
Finally, in El t we have 

cf (z ® (l®y)) = (1 ® (l®y))<f (z ® (1®T)) 
= (1® (l®2/))7 r (d r (z® 1)) 
= (l®(l® 2 /)) 7 r (^a; l ®v 4 ) 

i 

= (1® (l®y)) £(a;; ® (Ui®l)) 

i 

= Y,Xi® (vi®y), 

i 

and using this we obtain 

S r (z ® y) = (5 r (C r (z ® (l®y)) 
= C(cf(z®(l®</))) 

= c r |E^ <2) ( u ''®y)j 

= ® 9*{vi®y). 

i 

Similarly, 5 s (z ® y) = for 2 < s < r. 

□ 

Remark 3.2. Provosition \3. 1\ still holds if F is not an H -space, given there exists 

a map G — ► F with G an H -space, and if we restrict y e Im f* £ H*(F) in the 
statement of the proposition. One replaces the fibration sequence (Qp in the proof 

with VLB x G — > VB x G — > B x *, and composes it with diagram using the 
map f. 

Generally, if F is not an H-space, the proposition holds if z is transgressive, 
which is the result of Brown and Shih. 

4. The free loop space fibration 

We have already mentioned the free loop space of a space B. Precisely it is the 
space of maps from the unit interval 

CB = {lo: [0, 1] — > B\ w(0) = w(l)}. 

Such a space comes equipped with a left action 

v.S 1 xCB^CB 

defined by rotating parameters in the manner i/(s,w)(i) = w(s + 1). Then by fixing 
a generator l e Hi(S ) = Z, one defines a degree 1 homomorphism known as the 
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BV operator 

A: H* (LB) — >• H* + i (LB) 

by setting A(a) = v*(l <S> a). 

We will now, and for the remainder of the paper, focus on a well known fib-ration 
sequence that is known not to be principal - the free loop space fibration sequence: 

(4) VLB^CB^ B. 

Here •& is the canonical inclusion Q.B c £B, and evi(ui) = w(l). As before E = 
{E r ', d r } is the homology Serre spectral sequence for the path hbration sequence of 
B. The spectral sequence 

£ = {£ r ,5 r } 

shall denote the homology Serre spectral sequence for hbration sequence (j4j. 

The map LB — * B has a section B — ^+ LB that is defined by mapping a point 

b € B to the constant loop at b. This implies the connecting map g for the induced 

g # 

principal homotopy fibration 57_B — ► f2£> — ► ££? is null nomotopic. The associated 
left action 

e-.riB xnB^riB 

is described as follows (see [25 for a proof). 
Proposition 4.1. For any uj, A e OS, 

0(w,A) =uj- 1 -\-uj. 

If v e iJ*(f2i?) is primitive, then for any y € H*(£IB) 

9*(v®y) = (-l)^ v ^yv -vy= -[v,y], 

where the algebra multiplication on H^VtB) is induced by loop composition on flB. 
□ 

Finally, combining this with Propositions 13.11 and I4.1[ we obtain the following 
description of the differentials in the homology spectral sequence of the free loop 
fibration. 

Proposition 4.2. Suppose H*(B) and H^(ftB) are torsion free, and B is 1- 
connected. Fix z e H*(B). Suppose d s (z <S> 1) = € E+ for 2 < s < r, and 

d r (z®\) = Y j x i ®v i . 

i 

such that each Vi is primitive. Then for every y e H*(Q,B) and 2 < s < r, we have 
5 s (z ® y) = e and 

6 r (z®y) = - ^Xi ® [vi,y]. 

i 

□ 

Remark 4.3. If it happens that d r (z®y) + and 5 s (z<S>y) = for s <r, z®y e t 

survives to the £ r+1 page, while z®y is zero in E'l + } . In such case, Proposition ^. S\ 
tells us nothing about 8 s (z <g> y) for s > r. 
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5. The Free Loop Space Homology of a Suspension 

Cohen and Carlsson [7J [10] have already given the free loop space homology of 
a suspension by using the Hochschild cohomology reformulation for the homology 
of a free loop space. Using Proposition 14.21 we will give a Serre spectral sequence 
computation for torsion-free suspensions that are finite wedges of even dimensional 
spheres. In the next section we give some information about the action of the 
BV operator with respect to this isomorphism. Naturality properties of spectral 
sequences will become handy later, allowing this information to be applied to our 
(2n- l)-connected 4n-manifolds. These calculations should be extendable to more 
general suspensions. 

Fix a simply connected space X such that iJ*(X) is free Z-module of finite rank. 
Write 

V = H*(X) = Z{ Ul ,...,u t }, 
and recall there is a Hopf algebra isomorphism 

H*(WX) = T(H*(X)) = T(V), 

where 

T(V) = Ze0 V®' 1 

i>l 

is the tensor algebra generated by V, and elements in V are assumed to be primitive. 

Let the symmetric group Sk act on the free Z-module V® k by permuting factors 
in the graded sense, and let Wk be the graded Z-submodule of V %k which is invariant 
under the graded cyclic permutations. That is, 

Wk = Z{w e V %k I a(w) = w for a e Sk a cyclic permutation}. 

Take the graded Z-submodule of T(V) 

W = @W l 

i>l 

and let T,W denote the suspension of W. 

Let S be the graded Z-submodule of T(V) generated by elements [m,y], for 
monomials y e T(V), and take 



the quotient module. This is the same as identifying graded cyclic permutations in 
T(V). That is, Q is the module of coinvariants of cyclic permutations. 

Theorem 5.1. Suppose \u±\ = ■•■ = \u t \ = In — 1. That is, EX is a wedge of En- 
spheres. Then there is an isomorphism of graded ^-modules 

H*(CZX) = Q®Y,W. 

Proof. Let £ = {£ r ,5 r } be the homology Serre spectral sequence for the free loop 

space fibration sequence OS1 — >• CY.X — * EX. Write 

ff*(EX) sZ{ai,...,ot}, 

where at transgresses onto Ui in the spectral sequence for the path space fibration 
of EX. 

We start with the isomorphism 

% t9 *H,(EX)8H*(nilX)£Z{l,a 1 ,...,at}9T(y). 
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Since |ui| = ••• = \ut\ = 2n - 1, the the only nonzero entries in £1 „ are on the vertical 
lines ^J, and S^n,*^ an d so the onr y possibly nonzero differentials are 

C 2n,* * C : *+2n-l- 

By Proposition 14.21 5 2n (a,i ® y) = 1 ® [u;, y]. so the image of the above differentials 
is generated by elements for monomials y = Ui l ---Ui k l , and so = Q. 

The kernel of the above differential is isomorphic to EW as follows. One can 
write an element w in £f n t = H *(£A) ®T '(V) as a linear combination ^ Ci(cii®yi). 
Assume ^ 2n (w) = and each y t e V® 1 ' 1 c T(V), so we have |y,| = (2n - - 1). 
Then Ei Ci(l ® 2/i]) = and 

i i 

A cyclic permutation /i e is just some j-fold composite <7 J = cr J a of the cyclic 
permutation a e S/. that shifts everything right by one up to sign. We have 

'•<"<•'/<) = (-1)' _ V(£ = (-lj'-'l-lj'-V'-^Wi) 

and iterating this equality we see that 

i i 

Finally E\ n ^ is isomorphic to £T(V) by sending di®y to Eltij/. Thinking of w as an 
element of T,T(V), w is also an element of EW; c EW. We see then that the kernel 
of 5 2n is then a submodule of EW 7 '. Working backwards it is clear the opposite is 
also true. The kernel is therefore isomorphic to EW, and as such £™ n t = EW. 
We now have an isomorphism of graded Z-modules 

^ = ^e^-2„ = Q©SW. 

Since in general has torsion, we must deal with a potential extension problem. 

Recall from the construction of the homology Serre spectral sequence there are 
increasing nitrations 

such that Tk.k = Hk(CEX), = for i < 0, and 

id f , ' 

Notice E W is torsion-free since it is the kernel of a map whose domain and range are 
both torsion- free, so £ °° is a free Z- module when i > 0. Then the torsion subgroup 
of H*(£Y,X) is a subgroup of = £™+, and we see there is no extension probem. 
Therefore 

H*(£ZX) = E% 
as graded Z-modules. □ 
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Corollary 5.2. Let EI be as in Theorem\5Ji Then H*{CY.X) = Q®T,W has no 
p-torsion for all primes p > 2. 

Since EW is the kernel of the differential mapping to the torsion-free degree 
vertical line of the spectral sequence in the proof of Theorem 15.11 we see that YW 
must also be torsion-free. This differential can be regarded as a self-map on the 
degree vertical line, and module Q is the quotient of its image. Then Corollarv l5.2l 
is a consquence of the following algebraic lemma: 

Lemma 5.3. Let T(M) be the tensor algebra generated by M = %{x\, . . . ,x s } with 

each \xi\ odd. Consider the self-map of graded TL-modules T(M) — ► T(M) given 
on monomials by 

d(Xi 1 Xi 2 . . . %i m ) — [^i i> ■■• -^i m ) ] > 

and d(xi) = 0. 

Given any element y e T(M) and prime p > 2, suppose d(y) is divisible by p. 
Then d(y) = pd(y') for some y' € T(M). Therefore T(M)/Im d has no p-torsion 
for primes p > 2. 

Proof. Write y as a linear combination of distinct monomials 

y ~ C-iXiZ^ , 

l<i<fe 

where Ci + 0, each Zi is some monomial of %'jS, and Xi e {x\ 1 . . . ,x s }. We have 

d(y) = Y c i[%i> z i]= Y CiXiZi - Y, CiZi&u 

l<i<k l<i<k l<i<k 

where U is the length of the monomial Zi. The monomials ZiXi are distinct since 
distinct. Then since d(y) is divisible by p, and each c$ is prime to p, there 
exists a bijection 

<7:{l,2,...,fc} — {l,2,...,fc} 

such that XiZi = z a ^x a ^ and Cj - (-1) c a r^ = pni for some integer rij. 

Thinking of a as a permutation of the set {1, 2, . . . , fc}, write a in cycle notation 

a = ayUk', 

where each o~i = {aivQ>%hi) is a cycle with a(aij) = caj+i and a^ki+i = a«i- Let 

Vi = Yi c a,ij Xa,ij z a,ij ■ 

i<i<h 

Notice j/i is a linear combination of the distinct cyclic permutations of the monomial 
XanZan- We let Si = l aij + 1 be the common length of these monomials, so we have 

(5) c aij - (-l) Si_1 c aii . +1 = pn a%] 

for 1 < j < fcj, and we write 

V = Uodd + Veven = Y ^ + Y 

Si odd Si even 

Suppose Si is odd. Using the fact x aij z aij = z ai j+1 x ai . +1 , we have 
d(lji)= Y Vn a ^{x ai] z aij ). 

l<j<ki 



12 



PIOTR BEBEN AND NORA SEELIGER 



Let 

m<j<ki 

and consider the element 

Vi= E ,-(•'•••• '-» )■ 

2<j<ki 

Taking the sum of the equations (0 for 1 < j < fcj, we see that n ail + 62 = 0. Then 
d{yi) = pdiyl). Therefore d(y od d) = pd(y' odd ), where y' odd is the sum of y- for s l odd. 

The case where Si is even is similar. This time we take the alternating sums 
b m = T, m <j<k i (~^)^ mn a ij , and take the alternating sum of the equations ([5]). When 
ki is odd this yields n ail - 62 = 0, and with y\ as before, we see that d{yi) = pd{y[). 
On the other hand, when ki is even we get 2c ail = pb\, so c ail is divisible by p since 
p is odd. Then iteratively using equations (JS|) we see for each j that c aij is also 
divisible by p. We may therefore take y\ = ^yi, and we have d(yi) = pd{y' i ). Thus 
d(y e ven) =pd(y' even ), where y^ e „ is the sum of y[ for even. 

Therefore d(y) = pd(y' odd + y' eve n)i an( i we are done. 

□ 

6. The BV Operator on the Free Loop Space Homology of a 

Suspension 

Let X be as in the previous section. If we assume that \ui\ = •■■ = \u t \ = 2n - 1, 
then Theorem 15.11 implies the nonzero elements in Q and T,W are concentrated in 
degrees fc(2n-l) and 2n + fc(2n-l) respectively. But since the BV operator A maps 
upward by only one degree, the following proposition holds for placement reasons 
when n > 2: 

Proposition 6.1. Suppose \ui\ = ■■■ = \u t \ = 2n - 1 and n > 2. Then with respect to 
the isomorpism in Theorem \5.1[ the action of the BV operator A on H t (CYiX) = 
Q e T,W satisfies 

A(Q) E ZW, 

and 

A(EVK) = {0}. 

□ 

Thus, the remainder of this section is devoted to the n = 1 case in Proposition l6.ll 
We will begin with a general approach to the problem using spectral sequences 
and maps of fibration sequences. We should give at least passing mention to the 
(probably more profitable) mainstream approach, which centers on relationships 
between the BV-algebra structure on free loop space homology and BV-algebra 
structures defined on Hochschild cohomology, for which much work has been done 

in @ni sn nzi nni us]- 

One of the difficulties that arises in any attempt using Serre spectral sequence 
arguments to determine the action of the BV operator is the fact that the S 1 action 
v on a free loop space does not restrict to an S 1 action on the subspace of based 
loops, even up to homotopy. In other words, there is generally no choice of map 
of fibers that would make the left square in the following diagram of fibrations 
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sequence homotopy commute: 

5 1 x VLB -^t 



S 1 x CB 



VLB- 



CB 



* x B 



B. 



In stark contrast the Chas-Sullivan loop product is very ammenable to the structure 
of spectral sequences, as Cohen, Jones, and Yan [9] show there is a commutative 
diagram of fibration sequences 



(6) 



VlB x VlB 

mult. 

VLB 



CB x B CB 

7 

^CB — 



B 



B, 



inducing a morphism of spectral sequences, given B is a closed, oriented, simply- 
connected manifold, and where 7 is a certain map used to construct the loop prod- 
uct. This ingredient allows in many cases for a straightforward computation of the 
loop product from the Pontryagin product structure of H*(VtB), as well as the cup 
product structure of H*(B), via the Cohen- Jones- Yan spectral sequence. 

We may end our vain search for this missing map and strike a compromise by 
considering the homotopy fiber F' of the composite ev± ° v. In such case there is a 
lift £ that makes the following diagram of homotopy fibration sequences commute: 



F' 



1)' 



S 1 *CB- 



B 



VLB 



CB- 



B. 



Determining the action of the BV operator amounts to determining the map is* from 
the information provided by this diagram. A few things are needed before this can 
be done. First the homology of F must be known and the map £' t determined, 
presumably using a spectral sequence for the principal homotopy fibration §' . The 
homology spectral sequence for the top and bottom fibrations, and the induced 
morphism connecting them, must then be computed. Finally, even if we end up 
with an isomorphism between H*(S 1 x CB) and the inifinity page, there is still the 
issue of how this isomorphism relates to the Kiinneth isomorphism H*(S 1 x CB) = 
H* r (S 1 ) <8> H*(CB), part of which can be gleaned from knowledge of the map i9*. 
All of this is a lot of information, much of it probably unattainable, and so we will 
only go so far as to give partial information about the BV operator - in particular 
when B = EX is the wedge of even spheres in Theorem l5.ll Futhermore, we restrict 
to the subspace S 1 x VL'SX c S 1 x £EA, and quotient out the S 1 * * to keep our 
spaces simply connected. 
Consider the composite 

/i: S 1 x VLY.X S 1 x CY,X £SY, 

Since the restriction of v to the subspace S 1 x * is the constant map, \i factors 
through 

p.: S 1 « VLY.X — > CT.X 
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after quotienting to S 1 x f2EX = (S 1 x £IY I X)/(S 1 x *). We see that \x is given by 
p(s,uj)(t) = uj(s + t). Take the composite 

h: S 1 x ftEX £EX EX. 

It is not difficult to see that h extends to the evaluation map EOEX -U EX. Let 
F be the homotopy fiber of h. Then there is a homotopy commutative diagram of 
homotopy fibration sequences 



• s 1 x oex ■ 



■ex 



(7) 



nY,x 



£EX ■ 



EX 



for some choice of lift £. In such a diagram the left action 

associated with the homotopy fibration h is compatible with the left action OEX x 

Q 

f2EX — > QYjX associated with the free loop fibration ev\. Since the restriction of 
h to * x QEX is the constant map, the inclusion f2EX S 1 x £7EX lifts through 
93 to a map 

I^-.QYjX — > F. 

We now record some information about the homotopy fibration h. 

Lemma 6.2. The following hold. 

(i) The lifts I and t 1 can be taken so that f x is a (strict) right 
inverse of i. 

(ii) The composite f2EX — > f2EX x F — —*■ _F is nwii homotopic. 

Some notation before proving the lemma. For any path oj: [0, 1] — ► EX we will 

let 

w s , s ,:[0,l] —> EX 

denote the path given by oj StS >(t) = ui(s+ts') whenever it makes sense. If this path oj 
is a loop, we take the parameters modulo 1 as usual. If w(l) = 7(0), the composite 
path of these two paths is denoted oj ■ 7. The A;- fold composite of a loop oj is oj k , 
and when k is negative we reverse direction. 

Proof of part (i). Recall that a map such as h is homotopy equivalent to a fibration 
h as in the following commutative square 



S 1 x QEX 



pev a ,h 



EX 



EX. 



Here P ev °' h is the pullback of ev\ and h in the following commutative square 



pevo.h 



■map([0,l],EX) 



~ 7Tl 

S 1 x oex ■ 



■EX, 
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with 7Ti and 7T2 being the projection maps. ~k\ an obvious deformation retraction. 
Its right inverse n^ 1 is given as the canonical inclusion w^iy) = (*b,y), where *b 
is the constant path at the basepoint b e Y,X . The map h is the composite 

fcP e "» A ^map([0,l],EX)^SI, 

and by definition the homotopy fiber F is 

F=(hy 1 (b), 

and our map if is the composite 

(8) ip:F^ P evo ' h ^ S 1 x Q£X 

In summary, P ev «' h is the space of all pairs of points (s,ui) e S 1 « flEX and 
7 e map([0, 1], EX) such that 7(0) = w(s), with h evaluating at 7(1), and F is the 
subspace of these with 7(1) = b. Define P ev °- h CY.X by 

KlAs^)) = 7 _1 -w s ,i -7 
where uj S} \{t) = uj(s + t) and 7 _1 is the path 7 in the opposite direction. We have a 
commutative diagram of fibration sequences 

rp c ^ pevoji h ^ Y^iX 

(9) 1 jj, 

nY,x — ^ nix ex, 

where we take I as the restriction of fx to the subspace F. 

Notice our map S 1 xJlEX £EJf is the composite /ioTr^ 1 . Since tt^ 1 is a right 
inverse of 7Ti , and <p is the composite as described above, £ fits into diagram (J7]) as 
required. 

r 1 

Take fffiJT — > F as the inclusion defined by 
We see that £ o £~ x = 1 and ip o (r 1 is the inclusion into the right factor. 

□ 

Proof of part (ii). First take the homotopy H:WEX x [0, 1] — ► F given by 
H(uj,s) = (w s> i_ s , (s,w , s • (wo.sT 1 )), 

where u; SiS <(i) = uj(s + ts'). Then H(uj,0) = (uj, (0, *&)), and H(uj, 1) = (*{,, (l,w • 
uT 1 )). Next take G:f7EX x [0, 1] — > F given by 

G(uj,s) = (* b , (l,Wo,i_ s • (w oa _ s ) -1 )). 

Then Go = Hi, and G\ is the constant map. 

□ 

We will assume £, I , and 8 have been chosen as in the above lemma. Since £ 
has a right inverse I , there is a splitting in terms of submodules 

H*(F) = H*(nY,X) (Some other Z - sub-module) 

with £* being the projection onto the left summand, and £~ l mapping isomorphi- 
cally onto the left summand. We thus regard H*(£IY,X) as this aforementioned 
submodule of H*(F). 
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Let 

Pk-.nzx — ► nzx 

be the fc-power map given by pk(oj) = w , where oj k (t) = ui(t/k) when k + 0, and 
a; = *£, is the constant loop at o, so po is the constant map. 

Lemma 6.3. The following hold. 

(i) Take the composite 

Then the composite 

r k : OSI x F ft£X x F F 

is homotopic to £ for each integer k. 

(ii) For all k>Q, l> 2, and each i, we have 

(fc + l)W.(uj ««?*) = (), 

and 

2(jfc + l)W»(«i®u| fc )=0. 

Proof of part (i). We make use of the constructions of the fiber F and lift l~ x in 
the proof of Lemma 16.21 

The map can be concisely described by Tk(v) = (*& • w fc , (0,w)). Since *b is 
just the constant path at basepoint b, ~ r^, where 

T^) = (a/\(0, W )). 

Recall is given by ^(uj) = (*;,, (0, w)). Thus the statement is true when k = 0. 
When k + we can describe a homotopy r(. ~ i^ 1 as follows. Take the homotopy 

H-.nZX x [0,1] — > F 

described by 

H(ui,s) = (u k i_ s ,(s,u))) , 
where we recall ui k s ,: [0, 1] — ► EX is the path given by u> k s ,(t) = u> k (s + ts') (note: 
w is a based loop with w(0) = w(l) = b). Since Wgi_ s (0) = uj k (s) = u(s/k) and 
w s,i-s(l) = w fc (l) = ^C 1 ) = &> tnese points are indeed in F c p ev °i h . Since at s = 
we have Wg x = w fc , and at s = 1 we have w^g = H defines a homotopy r(. ^ F 1 
as claimed. Therefore Tfe ~ 

□ 

Proof of part (ii). Since ^7 maps isomorphically onto F*.(f2£X) c H*(F), we will 
write -C^y) = y for any y e if*(QHX"). 

Since 9 is a left action, it induces a left action of F*(i7EX) on H Jr (F). For 
convenience we will indicate the multiplication of this action via "•" , that is, 

v ■ w = 9*(v ® w). 

As usual concatenation denotes the multiplication on F*(f2£X), and we have 

(uv) ■ w = u- (v ■ w) 

for any u, v and w. 

We proceed by induction. Our assumption is that 

(j + l)!04-nf) = 
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for all < j < fc and all I > 2. For the base case j = 0, we have (u\ ■ 1) = for I > 1 
since the composite in part (ii) of Lemma 16.21 is null nomotopic. 

Each of the algebra generators it, in = T(V) are primitive. That 

is, the comultiplication algebra map A„. induced by the diagonal map satisfies 
= 1 ® Ui + Ui ® 1. Recall the multiplication on the tensor product of two 
graded Hopf algebras is given by (a ® /3)(a' ® /?') = (-l) l,3||a ' l (aa' ® /3/3'). Noting 
that each \ui\ is odd, we have 

K It (nf +2 ) = (lxr 1 ),oA,(uf +2 ) 

= (i*<8)£; 1 )((i®ti i + u i ®i) 2 ' s+2 ) 

„/fc + l\ 2i_i-l/ 2(fe-i+l)^ 

= ■ ](«» (v )) 
= L( , JK ®v )• 

By part (i), ri - ^~ , so noting = 1, we have 

ffc + n 



(n)*(K 2fe+2 ) = o +2 ) = E ( ; • 



Multiply both sides by fc!. Since ( g) = 1 and 1 • u 2k+2 = u 2k+2 by property of 

"•" being a left action, the summand • u 2k+2 ) cancels out with k\u 2k+2 

on the left hand side. Now by our inductive assumption the remaining summands 
klP** 1 )^ 1 • u^ k ~ l+1 ' are zero for 2 < i < k + 1, and so the above equation simplifies 
to 

O^** 1 )*?-*?* = {k + muluf). 

Then for any Z > 2 

(fc + !)!(«{ • uf k -^) = u[- 2 ■ ((fc + l)\u 2 ■ uf k ^) = (vt 2 • 0) = 0, 

which finished the induction. 

It remains to show that 2(fc + l)!^*^ ® u 2k ) = 0. Similarly as before, we have 

Kt {uf +1 ) = (1* ® C 1 ) ((1 ® Ui ® l) 2fe+1 ) 

rfc\ 



2fc-2i , It _ „ 2fc-2i+l\ 

and since ti ~ 

^ fc+i =E(^)(^ +l -^ fe - 2i +^^r 2i+l )- 

By part (i) we also have r_i ^ so 



2fc+l / \ / 2fc+l\ 

= ( T -i)*K ) 



,2fc+l 



= 0*°((p_ 1 )*®l*)°«*K ) 

= EQ)(-^ +1 ^f- 2i ^f-^- 2i+1 )- 

Here we are using the fact that the antiautomorphism (p-i)* induced by the power 
map p-i that reverses loops satisfies (p_i)*(tij) = -u*. Therefore (p_i)*(u-) = 
(-l) ! Wi, and (p_i)*(l) = 1. Multiplying both of the above equations by (fc + 1)!, 
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the summands ±(k + 1)!( .)(u 2l+1 • u 2k ~ 21 ) are zero for 1 < i < k by our induction 
above. Comparing the resulting equations, the summands (k+ l)l(^)(u 2t •■u 2fe ~ 2 ' i+1 ) 
cancel out from the left and right hand side, and we are left with 

(k + iy.( Ul -u 2k ) = -(k + i)\(u l -u 2k ). 

Therefore 2(fc + l)l( Ul ■ u 2k ) = 0. 

□ 

We have a commutative diagram 

s 1 x (s 1 k nzx) — ^ s 1 x nzx 

Ixp, (X 

S 1 x CY.X £EX, 

where v is our map which rotates unbased loops in the manner v(s,uj)(t) = ui(t+s), 
and v is given by v(s, (s',w)) = (s + s',ui), that is it factors as 

P-.S 1 x (S 1 x ftEX) — ► (S* 1 x 5 1 ) x OEX m ^- Kl S 1 x QEX 
The induced map defines our BV operator 

A:H*(£ZX) — ► i2* +1 (£EX), 
and in a similar manner defines a homomorphism 

A-.H^S 1 x QEX) — ► H^iS 1 x ftEX) 
by setting A(a;<g)a) = i/*(i®(:i;®a)) = (lx)®ci. Then the following diagram commutes: 

H^S 1 x flZX) — ^ H^S 1 x OKI) 

(10) 



H*(£EX) ^— >-.ff» + i (£E.X). 

We have the Kiinneth isomorphism 

(11) ^(S 11 x OSJ) = i^S 1 ) ® tf,(fiEX) = H*(QY;X) e Ei?*(fiSX). 

The summand ii*(ilEX) is the image of the map that is induced by the inclusion 

HY.X -^i S 1 x J7EX, while EiJ*(i7EX) corresponds to those elements of the form 
I ® y, and A maps the submodulc iJ*(i7EX) isomorphically onto EiJ*(ilEX) in 
the canonical way. Since t 2 = e ^(S 1 ) = 0, we have 

(12) A(EJJ*(OEX)) = {0}. 

Let E = {E r ,d r } be the homology Serre spectral sequence for our homotopy 

fibration F S 1 x HT,X —> EX. Take the morphism of homology spectral 
sequences 

induced by the diagram of homotopy fibration sequences ([7]). We have 

E 2 ^ H*(£X) ® H*(F) 
£l^ = H,{YsX)®H^VLY 1 X), 
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with £ 2 rstricting to £* on the right factors, and the identity H±{YiX) —* H*(HX) 
on the left factors. Let F be the increasing filtration of H*(S 1 « associated 
with E, and as in the proof of Theorem (15.1| . let T be the increasing filtration of 
H^(CEX). Recall C°° is the map of associated graded objects induced by filtration 
preserving /i*. 

Assume |iti| = ••• = \ut\ = 2n — 1. Then the only nonzero entries in El t are on 
the vertical lines Eg t and t , and the only possibly nonzero differentials are 
<P n '-Ein,* — * ^o"+2n-D an d similarly for £. We see that 

^2n-l,* = Fo t *, 

Fa B ,*=fr»(S 1 xfiSX), 
and we have a commutative diagram 

ff^S 1 x MUX) -^U F 2B ,»/F 2n -i,. 

(13) a. Ir 
-ff*(£I]X) ^2n,*/-^2n-l,* 

where the horizontal maps are the quotient maps. 

Since = F 0) * = F 2ti -i,, is the image of H*(F) ^ H^S 1 x HEX), and the 

composite f2£X — > F S* 1 k ftEX is the inclusion -4 S 1 k ft£X, we see 

that the composite 

H*(n^X) H^S 1 k ttY,X) X H^S 1 k Q£X)/F 2n _i,* 

is trivial. Then since g/ is a surjection, via the splitting (1111) the composite 

(14) £if*(n£X) ii^S 1 x OSX) ii^S 1 x nSX)/F 2n _i,» = E? n *_ 2n 

must be a surjection. 

In the next proposition observe that the elements uf k+1 are invariant under 
graded cyclic permutations, so with respect to the isomorphism in Theorem 15.11 
the suspension of the Z-submodule generated by these elements is a submodule of 
T,W c H t (£EX) whenever \u\\ = ■■■ =\u t \ = 2n-l. The case n > 2 has already been 
given a more exact answer, but we include it here for the sake of generality: 

Proposition 6.4. Suppose \u±\ = ••• = \u t \ = 2n — 1 and n > 1. Taking rational 
homology in Theorem \5.1\ by tensoring with Q, there is a choice of rational isomor- 
phism 

H*(£Y,X) ® Q = (Q ® Q) e (EW (8 Q) 
smc/i that the action of the BV operator A on H*(CEX) <X>Q satisfies 

A(£u 2fc+1 ) = 
/or eac/i k > wif/i respect to this isomorphism. 
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Proof. In the spectral sequence £, any multiple of at ® uf k survives to £™ n » = TW 
since we have 

~8 2n {a l ®uf) = [u l ,ul k ] = Q 

via Proposition ^. 21 

Even though F is probably not an ii-space, the homotopy associate //-space 
fiEX is a retract of F, so we may apply the first part of Remark 13.21 to compute 
differentials in E. Alternatively, we can apply the second part of Remark 13.21 
since the generators e H*{YjX) are transgressive onto Ui e H t (ilY,X). Then by 
Remark 13.21 and Lemma 16.31 we have 

d 2n (2(k + l)!(ai 9 uf)) = 6(2(k + l)!(u< ® uf )) = 0, 

and as such 2(k + l)\(a l ® uf) survives to E™ n i . Therefore 2(k + l)!ai ® uf e £™ n t 
is under the image of C°° : 

C,°°(2{k + l)\(a i 9uf )) = 2(fc + l)!(a i ®itf ). 

Since the composite (fl4|) is a surjection, there exists an Xk e £iI*(fi£X) c 
ii^S 1 k ft£A) such that q'^Xk) = 2{k + l)!(a 4 ® it? fe ) e £7^. Let y fc = /U*(a:fc) e 
H*(Ci:X). Using diagram (HSJ , 

9*(2/fc) = C°° o ?:(a! fc ) = r (2(fc + l)!(a, »«?*)) = 2(* + l)!(0i 9 uf) e £ 2 ~ „. 
Since is the composite 

we can write in the form 

y k = 2{k+l)\^uf +1 +b k 

for Sit? & +1 e TW and some 6 fe e Q. Since x fe e Ei2*(fi£X), by we have 
A(a;fc) = 0. Then using diagram (fTOj) 

2(fe + l)!A(Eu?* +1 ) + A(6 fc ) = A(y fe ) = A(u*(x k )) = ^(A(x k )) = 0. 

Now take rational homology H*(£EX) ® Q = (Q ® Q) e (£W <8> Q). We abuse 
notation and keep everything labelled as before. Since Su^ fc+1 e £VT ® Q and 
b k e Q ® Q, we may define a new isomorphism via a change in basis precisely by 
composing with the isomorphism 

(Q ® Q) e (TW ® Q) (Q ® Q) e (SIT ® Q) 
mapping Ew^ fc+1 to Eu^ fc+1 - 2 (fc+i)! ^fc f° r cacn ^, an d everything else being equal. 
So with respect to this isomorphism we have 2(k + l)\A(T,uf +1 ) = 0, and we can 
divide by 2{k + 1)! to obtain A(£ttf +1 ) = 0. 

□ 

7. The loop space homology of certain CW-complexes 

The homology of the fiber in the free loop space fibration must be known before 
the homology of the total space can be determined. Most (if not all) of the results 
in this section are probably well known (see for example work on the cell attach- 
ment problem [6l [H [23l HH HH [22] , where use of Adams- Hilton models and 
Eilenberg-Moore spectral sequences is made). In the spirit of this paper we will 
recast everything in terms of a Serre spectral sequence for a path space fibration, 
the nature of the proofs being similar to those done in mod-p in [3] for more general 
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Poincare duality complexes. One consequnce is a computation of the differential in 
the hypothesis of Proposition 14 . 2 1 for the spaces we are dealing with. 
Consider a i-fold wedge of 2n-spheres 

P = \JS 2n , 
and let P be the cofibre of some map a: 

gin-l _^ p_ Let p p denQte 

inclusion. 

Let the map 

a': S 4n - 2 — nP 

denote the adjoint of a. Since i o a' is null homotopic, the algebra map 

(m)*:H*(nP) — * H*(QP) 

factors through a map 

(15) 9:H»(QP)/I —> iT*(QP), 

where / is the two-sided ideal generated by the image of of a* . 

Let P*(P) be generated by a\, . . . , at and z, where \a\\ = 2n and \z\ = An. Since 
P*(P) is torsion-free, H*{P) = hom(iI*(P),Z) = H*(P). a*, z* will denote co- 
homology duals of a, and z. Let Cjj be the integer such that a* a* = CijZ* . Notice 
Cij = Cji by anticommutativity of the cup product. 

Consider the homology Serre spectral sequence E for the path hbration of P, 
with 

^,=ff,(P)«ff»(fiP). 

Since P is a suspension of X = V* S 2 ™ -1 , the basis elements dj of P*(P) transgress 
onto Ui € Et2n-i{QP)- Let 

V = Z{ Ul ,...,u t } = H*(X). 
Note that there is a Hopf algebra isomorphism 

ff»(fip) = t(v), 

and the algebra map (fH)* satisfies 

(fii)*.(it t ) = u t . 

Since X is a suspension, H*(X) has only trivial cup products, and so the ele- 
ments Mi, . . . , Ut in H*(Q,P) are primitive. 

Proposition 7.1. Let t4„_2 6 P4ri-2(^<S ,4 ™~ 1 ) = Z fee a generator. The following 
hold. 

(i) 77ie kernel of (Qi)*: H n -2(QP) — ► P n _2(^P) is generated by 

a'*(t4n-2)- 

(ii) z®l survives to , and the differential d 2n : Pf " — ► Pf,™ 2n _ 1 
satisfies 

d 2n {z®l) = Y,Cij(aj®Ui)- 

(iii) We /iaue 

a*(t4n-2) = ^cy[ttj,i^] + S C " M i' 

i<j i 
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where we use the graded Lie bracket 

[Uj,lli] = UjUi - = UjUi + UiUj. 

Proof. Observe there is the following homotopy commutative diagram 

gn-l a ^ p 1 ^ p 

(16) t 

F — f —+ P — U- P, 

where the top row is the cofibration sequence for the map a, F is the homotopy fiber 
of the inclusion P ——>■ P, the bottom row the corresponding homotopy fibration 

sequence, and £ is some lift. Since P — ^+ P induces an isomorphism on homology 
in degrees less than An, F is at least (4n-2)-connected. It is well known that fibres 
and cofibers agree in the stable range. That is, the lift £ induces an isomorphism 
on homology in degrees less than m + An - 1. Thus £ is an inclusion into the 
bottom sphere inducing an isomorphism in degree An - I homology, and the adjoint 
gAn-2 _f_^ Qp Q £ £ induces an isomorphism in degree 4n - 2. 

By the homology Serre exact sequence for the homotopy fibration 

qf^qp-^ sip 

the image of (£1/)* is equal to the kernel of (f2z)» in degree An - 2. By the left 
homotopy commutative square in diagram a' is nomotopic to 

Since £' induces an isomorphism in degree An - 2, the element o4(i4„_2) must 
generate the kernel of (ili)* in degree An - 2. 

□ 

Proof of part (ii) and (in). Since the elements u\, . . . ,Ut in H2 n -i(^P) are primi- 
tive, and -ff4 n _2 (r^-P) has no monomials of length greater than 2, the elements uf 
and brackets [uj, u{\ for i + j form a basis for the primitives in i/4„_2(f2P). Since 
i4n-2 is primitive, (c/)*(i4„_2) is a primitive element in H^n^i^P), and so for 
some integers c-'- we can set 

(a')*(i4n-2) = E4[ tt " U i] + I C ^- 

i<j i 

On the cohomology spectral sequence, we have 

d 2n (a*®u*) = d 2n (a*®l)(l®u*) + (a*®l)d n (l®u*) = (a*® l)(a,*®l) = Cij(z*®l), 

where the asterix superscripts designate the cohomology duals. Dualizing to the 
homology spectral sequence, we have 

(17) d 2n (z ® 1) = £}cy(o,- ® Ui). 
Consider the morphism of spectral sequences 

r-E —> e 

induced by the inclusion P — l -* P. On the second page of spectral sequences, 72 
maps 1 ® Ui to 1 ® Ui and Qi ® 1 to ai ® 1. 
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Notice 

Jr- E 2n 2n-1 * E 2n ,2n-1 

is an isomorphism for 2 < r < 2n. 

By part (i), (a')*(i4„_2) generates the kernel of 

so 1 ® (a)*(t4„_2) generates the kernel of 72 : ^o,4n-2 — > ^U4n-2- Since 

is an isomorphism for i < An, j < An - 2, and all r, 1 <S> (c/)*(i4„_2) in fact generates 
the kernel of 



(18) 7r :K 4n _ 2 ^££ 



0,4n-2 



for 2 < r < 2n. 

Let us take the element 



i<j 



in 2n _ 1 for 2 < r < In. Then 



(19) 72„(C") = E 4K" ® u i " °i ® %)> 

and in -Eq 4n--2 we have 



4<j 

= (P n (C")- 

Since -Ef™ = {0}, the differential E 2 ^ 2n _ x — " ^o,4n-2 i s an isomorphism. Since 
£?2n.2n-i ^l™ 2«-i ^ s al so an isomorphism, and 1 ® (a')*( i 4«-2) generates the 
kernel of E^ n 4n _ 2 — ^» E^\ n _ 2 , by naturality we see that the kernel of the differential 

^fn,2n-i — " E o%n-2 is generated by 7 2n (C")- In particular, we may project j2n(C") 
down to 
Let 

I = Im d 2n : £ 4 ™ o — ► 2n -i 

/C = kerd 2 ":£; 2 ^ 2 „_ 1 ^ J B 2 " 4n _2- 

As we saw above, I is generated by d 2n (z <8> 1), and "f2n(C") generates K,. But by 
the short exact sequence 

n Tfl n p2n £[ p2n n 

u ^4n,0 £/ 2n,2n-l ZZ/ 0,4n-2 u > 

one has I £ /C. Therefore rf 2n (z ® 1) = ±72n(C")- Now comparing coefficients in 
equations (|17|) and ([T9"l) . the result follows. 

□ 

We will need the following algebraic lemma before proving the main theorem in 
this section: 
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Lemma 7.2. Let R-7L or R be a field. Suppose V = R{x\, . . . ,Xk} is a free module 
over R for k>2, and T(V) the tensor algebra generated by V. Consider a nonzero 
element in T(V) 

£ — 2^, bijXiXj 
i,j 

with bij e R such that the set B = {oji , . . . , u>k } of vectors u)j = (by, . . . , bkj) is 
linearly independent. Moreover, if R = Z assume £ is not a proper multiple of 
another element (i.e. gcd^l&jj} = 1). Let I be the two-sided ideal generated by £. 
Then for any element w e T(V), and any nonzero element 

u = S e j x j 

3 

in T(V) with ej e R, wu e I if and only if w e I. 

Proof. When R = Z, the condition gcdj J {6i J } = 1 ensures that cw e / if and only if 
w e I for any nonzero integer c. We keep this fact in mind throughout. 

We will say an element w € T(V) has length I if it is a linear combination of 
monomials in T(V) of length at most I. This gives a filtration of T(V) by length. 

Since w e I implies wu e /, it remains to show that w f I implies wu f I. The 
proof is by induction on length of elements in T{V). Assume w £ I implies wu £ I 
for all w 6 T(V) of length /. The base case Z = is clearly true since u £ I. The case 
I = 1 is also true, for otherwise we could factor £ as 

^ = WU = (Y, fi X i)(T, e 3 X j)^ 

i 3 

for some /j e R, which would contradict B being linearly independent. 

Consider a nonzero w e T(V) of length I + 1 such that w £ I. Let us assume 
wu e /. Using the inductive assumption we will show this leads to a contradiction. 
We can write 

WU = ^VjXj + vt; 

j 

where each Vj of length I + 1 is some (possibly zero) element in /, and v is of length 
I. Observe v + 0, for otherwise CjW = Vj for each j, which would imply w e I. 
Expanding wu and and comparing like terms, 

w(ejXj) = vjXj +Y,v(b ij x i x j ). 

i 

for each j. Thus 

CjW = Vj + vyj, 

where y = ^hjXi. 

Take j so that ej + 0. Since Vj + vyj = ejW, Vj e I, and w £ I, it follows that 
vyj £ I. Therefore v £ I. 

Now choose i, j such that i + j. Then 

= CiCjW - CjeiW = ei(vj + vyj) - e j (v l + vyi) = (eiVj - ejVi) + v(e l y - Cjyi), 

and (eiyj - ejyi) + since B is linearly independent. Since v is also nonzero, and 
Vi and Vj are elements in /, then v(eiyj - ejyi) must be a nonzero element in /. 
But v £ I and is of length I, and (eiyj - ejyi) is of length 1, so by our inductive 
hypothesis v(eiyj - ejyi) £ I, a contradiction. Therefore wu £ I, which finishes our 
induction. □ 



THE STRING TOPOLOGY OF (2n - l)-CONNECTED 4n-MANIFOLDS 



25 



Theorem 7.3. Let P be as in the introduction to this section. Assume the following 
condition holds true: 

(*) t > 2, gcd^ ,j{ci 3 } = 1, and the setB = {u>i, . . . , Wt} of vectors u>j = (c%j, . . . , Ctj) 
is linearly independent. 
Then there is a Hopf algebra isomorphism 

T(V) 



where I is the two-sided ideal of H^iTtP) = T(V) generated by the degree 4n - 2 
element 



i<j i 

Moreover, the map J7P — ► QP induces a map on homology given by the canonical 
map T(V) —>T(V)/I. 

Proof. By Proposition [73] the element \ e H*(£IP) = T(V) is in the image of the 
map 

(na')*:H n _ 2 (S 4n - 2 ) — H An _ 2 (nP) 
induced by the adjoint a' of the attaching map a. Thus \ is a primitive element, 

and (£li)*(x) = in H*(flP), where i is the inclusion P — -»■ P. 

Let A be the quotient algebra of the tensor algebra T(V) modulo the two-sided 
ideal generated by the element x- Then A is a Hopf algebra because x is primitive. 
Since (Qz)*(x) = in H*(nP), the Hopf algebra map 8 = (Oz), factors through 
Hopf algebra maps 

T(V) >■ A 

(20) 

where the Hopf algebra map 9 is defined by 6(ui) = itj. 
Consider differential bigraded Z-modules 

E 2 ^ = ■■■ = E 2n t = Z{1, oi, ...,a t ,z}®A, 

the element 

C X '•-.•("/ Cx; 

with formal differentials d r of bidegree (— r, r — 1) given as follows. First set d r = 
for r < 2n. Define the map of left T(V)-modules 

<? n :Z{l, ai, . . . , a t , z} ® T(7) — * Z{1, ai, . . . , a t , z) <g> T(F) 

respecting the left action of T(V) by assigning 

3* n (x®y) = (l®y)d 2n (x® 1), 

where cP n (l ® y) = 0, d 2 ™^ ® 1) = 1 ® Uj, ^"(z ® 1) = C- Since A is the quotient 
of T(V) subject to the relation x ~ 0, the differential d 2 " extends to a map d of 
left A-modules 

J 2 ": Z{1, ai,...,a t ,z} ®A — > Z{1, ai,...,a t ,z} ®A 
respecting the left action of A. 
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Next define inductively for r >2n 

*'* ~ Im (dr:El +r ^_ r+1 ^E^y 

and let the differentials d r+1 :E^ — > E l-\ r +i) *+r ^ e zero. 

This gives a formal spectral sequence E = {E T 1 d r }. We will need to verify that 
E™ t = {0} for (*,*) ^ (0,0), but let us assume that this is the case for now. We 
shall show by induction that the restiction 8-Ak -*■ Hk(QP) of the Hopf algebra 
map 9 is an isomorphism for each k. 

Let E be mod-p homology spectral sequence for the path fibration of P. The 

Q 

morphism of Hopf algebras A — ► H*(QP) induces a morphism of spectral se- 
quences 

0- — * ^*,* 

in the canonical way with 9(1 ® m) = 1 ® u,, 9(a,i ® 1) = ctj ® 1, and 9(z ® 1) = z ® 1. 

A 

Note -Eg,* — * E o,* is J ust our ma P A — * H*{VLP). 

a 

Suppose A q — > H q (SlP) is an isomorphism for < q < k. This implies E^ q — > 

E^ q is an isomorphism, and E'[ q — »■ E[ q is an isomorphism when q + r - 1 < k. 

Since E™ t = {0} and E™^ = {0} when (*,*) ^ (0,0), for some sufficiently large 

M > 2 (M = 5 suffices) the map E^f k — >■ E^f k is an isomorphism. By definition of 
spectral sequences, there is a commutative diagram of short exact sequences 

^r-l,fe-r+2 *" ^O.fc *~ A),fc ^ 

pr-l d-^ 1 . rpr-1 P r °J; w n 

rj r-l,k-r+2 a 0,k ^0,fc u - 

By induction the first vertical map is an isomorphism when r > 2. When r = M 
the third vertical map is an isomorphism, and so the second vertical map is also an 
isomorphism. Iterating this argument over 2 < r < M, we see that the map 

9:A k = El k — ► Eq,, = H k (QP) 

is an isomorphism. This completes the induction. 

It remains to check that E%°+ = {0} for (*, *) ^ (0,0). Let E be homology Serre 
spectral sequence for the path fibration of P. We have 

E% = El, = H*(P) ® H.(QP) = Z{1, oi, . . . ,a t } ® T(V), 

and ^ = {0} when (*, *) * (0,0). The Hopf algebra map H*(QP) = T(V) — ► A 
induces a morphism of spectral sequences 

4>:E^>E 

in the canonical way with (f) 2 (l ® = 1 ® u,, 2 (&i ® 1) = a, ® 1. 
Observe 
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satisfies ^2n(l ® Ui) = 1 (8> Ui, (f>2n(o,i ® 1) = cii ® 1, is an epimorphism when i < An, 
and is an isomorphism when i < An and j < An - 2, and r < In. When i ± 0, 2n, 4n 
or r + 2n, we projections 

(2i) ^ — &lf 

that are isomorphisms. Also, x is nonzero in Eq 4n _ 2 for r < 2n, and zero for r > 2n 
since (?™(C) = X- 

To show that E™^ = {0} when (*, *) ^ (0,0), we need only consider those nonzero 
elements in E™ t and for i = 0, 2n, 4n. 

Take any nonzero x e B 2 ™;. Then x = z <g> u> for some nonzero w e A. Pick 
«/ e T(V) such that w' projects onto w e A. Since w is nonzero in A, w' is not in 
the two-sided ideal generated by x- Take the following element in T(V) 




Let Gj e A be the projection of a'j onto A. We have 

d? n {x) = (1 9 W)3 ln {z 8 1) = (1 ® tfl)(0 

= Y l C ij( a 3®( WU i)) 

i,3 

= Z a i ® °> 

3 

By condition (*) we have integers k and I such that cu- + 0, so the element <j' k is 
nonzero. Since w' is not in the two-sided ideal generated by x, condition (*) and 
lemma 17.21 imply a' k is also not in the two-sided ideal generated by x- Therefore 
<7fc e A is nonzero, implying a& ® crj. e £ 2 ™ = Z{1, ai, . . . , a t , z) ® A is nonzero, and 
so d 2n (x) e E 2 " [+2n _ 1 is also nonzero. By the projection isomorphisms (f2"Tj) . this 

implies d 2 "(a;) e £ 2 ™ i+2n _ 1 is nonzero. Thus the kernel of _^ £fn,i+2n-i is 

trivial for each Z, so = = {0}. 

Now take any nonzero x e -Eg™- We can pick x' e E 2l \ so that <j>2 n (x') = x. Since 
E£°, = {0}, there exists a i £ £J , for some r > 2n such that cT(±) = x'. Then in 

a; = 4>2n(x') = <f)2n{d r {x)) = (f {<j) 2n (x) ) , 

and so x = in E%f. Thus = {0} for each I. 

Finally, consider any nonzero x e -E 2 ™ ; . If d 2n (x) + 0, then x does not survive 
to -Ef"^ 1 , so this case is dealt with. Therefore let us assume d 2n (x) = 0. We can 
pick x' e £ 2 ™ ; such that <f> 2n (x') = x. Then <j) 2 n(d 2n (x')) = d 2n (x) = 0, and so 

inspecting the kernel of #o,2„+*-i ^ #o,2n+i-i' v' = d? n (x') e ^n+i-i must be a 
linear combination of form 

v = E v *xwi + E X, 

where Uj, tOj, yi are some monomials in T(V), the w^s are length at least one with 

Wi = wlu^ 
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for some monomial w[. Since x' is nonzero in E%™ t , and E™^ = {0}for(*,*)*(0,0), 
y' must also be nonzero in E 2n 2n+ll . 

Let C' 6 ^2n,2n-i De the element satisfying 4>2n(C) = C Observe that in £'o^4n-2 
we have <P"(C') = X- Then since y' = d 2n {x'), 

x ' = E( a ^ ® U *X W D + EC 1 ® 2/*)C- 

Since x is zero in A, 

a: = <f>2n(x') = </>2„(£(l ® W)C) = EC 1 ® Wi)C- 

i i 

But in £j™ we have d 2n (z <g> 1) = f, so C is zero in Then so is each term 

(1 ® j/i)C, and it follows that x is zero in Therefore E™ nl = E^f = {0} for 

each I. 

□ 

8. The free loop space homology of certain CW-complexes 

Let P be the CW-complex as in Section [7] Take I to be the two-sided ideal of 
T(V) generated by the element \ as in Theorem 17.31 Consider the Hopf algebra 

A _T(V) 
A ~ I ' 

the free graded Z-modules J = Z{ai, . . . , at} and K = Z{z}, and the degree -1 maps 
of Z-modules d: J <S> A — ► A and d'\ K ® A — ► J ® A given for any y e A by 

d(ai ®y) = [ui,y], 

and 

d'(z®y) = X ''.;(<'.. ® K,2/])- 
As remarked in the introduction, we have Im d £ kerd. Take the graded Z-modules: 

z __ keid ,_ 

im a 1m a 

Consider the following condition (as in Theorem 17. 3p : 

(*) t > 2, gcd^jjcij} = 1, and the set B = {u)\, . . . ,uj t } of vectors Wj = (cy, . . . , cy) 
is linearly independent. 

One sees that the Hopf algebra A is torsion-free when this condition holds (for 
if a; e T(V) and x i I, by Lemma [7.21 we have {kx)u\ = x{ku\) i I for any k > 1, 
so kx i. I). As a consequence Z is torsion- free since it is the kernel of map whose 
domain and range are both torsion-free. 

If we take P = M to be the closed, oriented, (2n - l)-connected 4n-manifold in 
the introduction, by Poincare duality the cup product pairing on its (rank t > 2) 
degree In integral cohomology is a nonsingular bilinear form. This implies the t x t 
integer matrix M = [cy] is invertible in the integers, and so the columns of M. arc 
linearly independent. The entries also have no common divisor besides 1, for 
otherwise the entries in the identity matrix hAM.~ x would have a common divisor 
greater than 1 (since M.~ x is also an integer matrix). As such, condition (*) holds 
for P = M, and Theorem 12. II is a consequence of the following: 
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Theorem 8.1. Suppose condition (*) holds. There exists an isomorphism of graded 
Z -modules 

H*(£P) =Q®W®Z 
when n > 2, and when n = 1 there is a rational isomorphism 

H t {CP) ®Q=(Q'ffiWeZ')®Q, 
where Q' is some quotient module of Q, and Z' some submodule of Z. 

Proof. Fix n > 2. Let £ = {£ r ,S r } be the homology Serre spectral sequence for 
fibration sequence 

np ^cp^p 

By Theorem [731 there is a Hopf Algebra isomorphism i/*(f2P) = A. We start with 
the isomorphism 

Zt„ zZ{l,ax,...,a t ,z}® A, 

By Proposition 14. 2[ 

5 2n {a % ®y) = -l®K,y], 
and using part (ii) of Proposition I7.1[ 

8 2n (z®y) = X ® K>2/])- 

Therefore E$ = Q, £ 2 ~ , = = W, and £ 4 ™ , = Z. 

The nonzero elements in Q and Z are concentrated in degrees k{2n - 1) and 
4n + k(2n - 1) respectively. Therefore when n > 2 the differentials 5 4 ™ are zero 
for placement reasons, as either the source or the target is 0. We thus have an 
isomorphism of graded Z-modules 

= £q- e £ 2 ~ * e £ 4 ~ * = Q e W e Z. 

Generally one has torsion here (at least in Q), so we must consider a potential 
extension problem. Once again placement reasons will allow us to skirt around the 
issue. 

Recall from the construction of the homology Serre spectral sequence there are 
increasing nitrations Tij = TiHj{CP) £ Hj(CP) such that !Fk,k = Hk(£P), Fi.j = 
for i < 0, and 

'<•••< "/•• , ' 

Since the nonzero elements in Q, W, and Z are in degrees k(2n-l), 2n + k(2n — 1), 
and 4n + fc(2n - 1), Q, W, and Z have no nonzero elements in the same degrees 
when n > 2. Since ^in-i,* = -^b,* = Q, we have ^2n-i,2n+fe(2n-i) = {0}, and we see 

Tin,* = ^0,* © £in,* = Q © W. Then T in -lAn+k{2n-l) = •^2n,4n+fe(2r 1 -l) = {0}, and SO 

H.(£P) = T in .* = F 2n> * © = Q © W e Z. 

For the case n = 1 we have undetermined differentials 5 4 (z®y) whenever 5 2n (z<8> 
y) = 0, leaving us with £ ~ = Q' = Q/Im £ 4 and £ ~ = Z' = kcr5 4 S Z. Since 
£n ® Q = Fi.i+j ® Q/^i-i.i+j ® Q ; °ne does not worry about extension issues, and 
we obtain the n = 1 case. 

□ 

Let W £ W be the image of the projection of TiW onto W as described in the 
introduction. 
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Theorem 8.2. With respect to the isomorphisms in Theorem ] 8. 1\ the action of the 
BV operator A satisfies 

A(Q) g >V, 



whenever n>2, and 



A(W) = {0}, 
A(Z) = {0} 



when n > 3. 

When n = 1, there is a choice of rational isomorphism satisfying 

A(ai ® = 
for ai ® uf k € W <8> Q with respect to this isomorphism. 

Proof. Let 7: £ — >■ £ be the morphism of homology spectral sequences induced by 
the commutative diagram of fibration sequences 




By Theorem 15.11 and Theorem I8.1[ when n > 2 we have isomorphisms in a (not 
necessarily commutative) diagram 



(22) 



■£l 



7° 



£1 



■ £° 



QeWeZ, 



Our task is to show this diagram commutes when n > 2. This is via placement 
reasons as follows. Let T and T be the filtrations of H*(£P) and H*(CP) associ- 
ated with the spectral sequences £ and £ . Recall 7°° is induced by {Ci)* via the 
property that (£«)* preserves these filtrations. Generally if x e Ti^+j c H i+ j(CP) 
and x i Fi-i^+j, one has k ° {Li)*(x) = 7°°(x') + n(y) for some y e .Fj-i^+j, 
where x' € = I J~i-x,i+j corresponds to x via the top isomorphism. Since 
the nonzero elements in Q, W, and Z are concentrated in degrees k(2n - 1), 
2n+fc(2n-l), and 4n+fc(2n-l) respectively, Q, W, and Z have no nonzero elements 
in the same degrees when n > 2. Then since Tm-\,* = Q and Fin-i,* = Q © VV, we 
have ^2n-i,2n+fc(2n-i) = {0} and ^ r 4 r l -i,4n+fc(2n-i) = {0} for all k. Thus we see that 
in all cases y must be zero, and so the above diagram commutes. 
By naturality of the BV operator the following diagram commutes: 



H*(£P) 



H* +1 (£P) 



H*(£P) 



■H* +1 (CP), 
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and via the isomorphisms in diagram (|22p . A dchnes the corresponding homomor- 
phisms A on the infinity pages when n > 2: 

coo ^ coo 



Coo coo 

Suppose n > 2. Notice 7 00 restricts to a surjection Q — ► Q, and the image of the 

restriction SW ^ W is the submodule W £ W. By Proposition ED A(Q) c £VF 
and A(EW r ) = {0}. Therefore 

A(Q) = A( 7 °°(Q)) = 7°°(A(Q)) £ 7 00 (SW) = W S W 

and 

A(W) = A(j°°(EW)) = 7 °°(A(Siy)) = {0}. 
e Finally, we see for that A(Z) = {0} for placement reasons when n > 3: there are 
no nonzero elements in Q ffi W ffi Z with the same degree as those in the suspended 
module T,Z when n > 3. 

Now let us suppose n = 1. We prove a much weaker statement using Proposi- 
tion [63] (the proof being similar to it). A placement argument cannot be used to 
obtain the commutative diagram (|22[) . but we do have 



(23) 



H*(£P) 

(Ci)» 
H*(£P) 



■ ^2n,*l -7"2n-l, 



■■£, 



■ Co 



2n,*-2n 



•£2 



W®Z' 



where the horizontal maps are the quotient maps, and T^n-i,* = -^0,* = Qi J~2n-i,* = 
3~o,* = Q', ^2n,* = H*(£P), and T^ n ^ = H*{£P). As in the proof of Proposi- 
tioniH there exists y k = 2(k + +1 + b k , with £wf +1 e Y,W and b k e Q, such 

that q*(y k ) = 2{k + l)!(a 4 ® uf ) e S^, and A(y fc ) = 0. 
Let z k = (£i)*(y k ). By the above diagram 

q*(z k ) = 7°° o q*(y k ) = 7°°(2(fc + 1)1(0, ® )) = 2{k + l)!(a, ® uf) e £ 2 ~ 
Therefore we can write z k in the form 

z k = 2(k + l)\(a t ®uf)+c k 
for (a, ® uf) e W and some c k e ^n-i,* = 2', and we have 

2(k + l)!A( fll ® ) + A(c fc ) = A(z fe ) = A(( J Ci)»(y fe )) = (£i)*(A(y k )) = 0. 

Now take rational homology by tensoring everything with Q. We abuse notation 
keeping everything labelled as before. Since ai<g>uf e W®Q and c k e Q'<8>Q, we can 
define a new isomorphism via a change basis by composing with the isomorphism 



H*(£P) 



H*(£P)®< 



that maps 



iuf to aj< 



,2k 



2(fc+i)! Cfc ^ 0r eacrl an( i everything else being equal. 
With respect to this isomorphism we have 2(k + l)!A(ai ® uf) = 0, and we can 



divide by 2(k + 1)1 to obtain A(c 



,2k 



) = 0. 



□ 
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9. The Chas-Sullivan Loop Product 

Let M be a d-dimensional, closed, oriented manifold, and consider the regrading 

H*(£M) = H* +d (£M). 

The Chas-Sullivan loop product Hi(CM) ® Hj(CM) — ► H l+3 - in {CM) as intro- 
duced in [5] defines a product on H*(.CM) that makes it into an associative and 
commutative algebra. In [5] Cohen, Jones, and Yan set up a spectral sequence 
that converges to this algebra. Part of the original statement of their theorem is as 
follows. 

Theorem 9.1. Let M be a closed, oriented, simply connected manifold. There is 
a second quadrant spectral sequence of algebras \W p q ,d r \p < 0,q > 0} such that 

(i) E^ „ is an algebra and the differential d r : E^ ^ -> E^_ r * +r _ 1 ful- 
fills the Leibniz rule for each r > 1. 

(ii) The spectral sequence converges to W»(CM) as a spectral se- 
quence of algebras. 

(iii) For m, n > we have an isomorphism of algebras 

E 2 nhn = H m (M,H n (n(M))), 

with algebra structure given by the cup product on the cohomology 
of M with coefficients in the Pontryagin ring _ff*(17(Af)). 

The construction of this spectral sequence uses the fact that the Chas-Sullivan 
loop product restricts to a product on filtrations, which induces a multiplication 
on the homology Serre spectral sequence E of the free loop fibration of M that 
converges to H^(CM) with regard to the loop product. One defines E converging 
to H*{CM) as algebras by taking the regrading 

which gives us an algebra isomorphism 

E 2 mm = H m+d (M,H n (nM)) 

with multiplication defined via the intersection product. Applying Poincare du- 
ality we obtain the isomorphism of algebras in part (iii), the intersection product 
dualizing to the cup product with coefficients in H n (QM). The Cohen- Jones- Yan 
spectral sequence (minus the extra structure) is then essentially the homology Serre 
spectral sequence for the free loop fibration of M shifted d degrees to the left, and 
as such one can make direct use of the pattern of differentials in the latter if it has 
already been determined. 

Take M as described in the introduction. In our case we have 

= ff*(M;ff*(ft(M))) = H*(M)® H*(QM), 

which is isomorphic to 

Z[al,...,a* t ,z*] 



{a*ua« = djZ*,a^vz* = 0,z* 2 = 0} 



<g> A = A ® ( J* ® A) e (K* <g> A), 



where A = ¥? An ^, J* ® A = E 2 2n ^, and K* ® A z E^. Applying Poincare duality to 
go from the multiplication given by the cup product to one given by the intersection 
product, we obtain the pairings described in Theorem [ 
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Making use of the computation of differentials in the proof of Theorem l8.H when 
n > 1 we obtain 

(24) H»(£P) = E^ = QeWeZ, 

where Q = E~ „ t , W = K°° 2 n * ; an d -2 = E^,. . Moreover the spectral sequence 
converges as algebras. That is, if we let Fij = FjMi(CP) be the increasing filtration 
associated with the spectral sequence E, the product 

Fi,i+j F ss+ t Fj^ +s ^ +s+ j + i 



Fi-\,i+j F s -\ s+ t Fi +s -\i +s+ .j + t 
that is induced by the loop product coincides with the multiplication 

E~.®E~ — 

on the infinity page. Since the Chas-Sullivan loop product is commutative, F-4 ni * = 
E"^ n t = <2, and i 7 ^* = {0} for i < -4n, there being no extension related issues here, 
the pairings Q®Q — > {0}, Q®W — ► {0}, Q®Z — * Q, and W®W — ► Q defined 
via the multiplication on the infinity page coincide with the corresponding pairings 
of Q, W, and Z defined via the loop product and isomorphism (f24| . Regrading 
back to regular homology we obtain Theorem 12.31 
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